It is well known that the run sum control chart is a simple and powerful statistical process control tool in the monitoring of the process mean. The implementation of the run sum chart is generally based on the assumption that the process parameters are known. However, since the process parameters are usually unknown in practice, they are estimated from an in-control Phase I data set. In this paper, by means of the Markov chain approach, we investigate the effects of parameter estimation on the performance of the run sum X chart with the scores 0, 1, 2 and 4. The results reveal that when the size of the shift and the number of samples from the Phase I process used for the estimation of parameters are both small, the performance of the run sum X chart is significantly deteriorated. Moreover, very large sample sizes are required for the chart with estimated parameters to have a favorable performance like the known parameters case. By virtue of this adverse performance, new charting parameters are proposed for practitioners in the design of the run sum X chart, based on the weights (0, 1, 2, 4) when parameters are estimated. The suggested parameters give a satisfactory performance even when process parameters are estimated from small number of samples.
INTRODUCTION
Statistical Process Control (SPC) is a collection of statistical techniques used as a primary tool in reducing the variability of the desired quality characteristics of a product so that the final product of a high quality is produced. Control charts, viewed as the simplest and most crucial tool in SPC, are increasingly adopted in manufacturing and service industries. The traditional Shewhart X chart, having a remarkable performance in detecting large mean shifts, was originally developed by Shewhart [1] in the 1920s. Since then, many researchers have been focusing on improving the sensitivity of the Shewhart X chart in detecting small and moderate process mean shifts. In order to enhance and sensitize the performance of the Shewhart X chart, the run sum chart was developed by Reberts [2] as an intermediate solution.
The run sum chart involves dividing the control chart into regions or zones around the centre line and assigning a score to each region. The zone control chart which is a special case of the run sum chart was proposed by Jaehn [3] and studied further by Davis et al. [4] . Since Davis et al. [4] recommended employing the scores 0, 1, 2 and 4 or equivalently the scores 0, 2, 4 and 8, the run sum X chart with the weights (0, 1, 2, 4) is considered and discussed throughout this paper.
Champ and Rigdon [5] manifested that the run sum X chart is superior to the Shewhart X chart with supplementary runs rules. Furthermore, they also claimed that by increasing the number of regions and scores, the run sum X chart is competitive with the exponentially weighted moving average (EWMA) and cumulative sum (CUSUM) control charts in detecting mean shifts in the process. In light of the effectiveness and simplicity of the run sum chart, several researchers have contributed to this research area, including Ho and Case [6] , Davis et al. [7] , Aguirre-Torres and Reyes-López [8] , Davis and Krehbiel [9] , as well as Acosta-Mejia and Pignatiello [10] .
The conventional application of the run sum X chart for monitoring the process mean is based on the assumption of known parameters. Nevertheless, the process parameters are unknown in many practical applications; hence, they are estimated from a set of in-control data acquired from the Phase I process. Because of the extra variability in the estimators, Quesenberry [11] , Chen [12] - [13] , Chakraborti [14] - [15] , Jones et al. [16] - [17] , as well as Capizzi and Masarotto [18] , to name a few, showed that parameter estimation affects the performance of a control chart substantially. Therefore, the effect of parameter estimation should be taken into account in designing a control chart. In recent years, considerable attention has been devoted to propose new charting parameters or optimal parameters in devising control charts with estimated parameters; for the related literatures, see Jones [19] , Castagliola et al. [20] , Zhang and Castagliola [21] , Zhang et al. [22] and Castagliola and Maravelakis [23] .
To the best of the authors' knowledge, no researchers pay attention to the run sum chart with estimated parameters. In this paper, an analytical approach is adopted to study the performance of the run sum X chart (0, 1, 2, 4) when the parameters are unknown. Also, the new charting parameters are suggested to solve the variability incurred from parameter estimation. In the following sections, firstly, an introduction on the run sum X chart is presented. Next, the Markov chain approach of the run sum X chart with known parameters is reviewed. Then the run length properties of the run sum X chart with known parameters are compared with that of estimated parameters. Moreover, by taking the number of samples m and sample size n into account, the new limits of the regions are proposed for the run sum X chart with unknown parameters. Finally, some concluding remarks are summarized. K is a constant independent of the sample size n. This two-sided run sum X chart is denoted by
THE RUN SUM X CHART
and
According to Champ and Rigdon [5] , the run sum X chart's procedure is outlined as follows: 1. Take a sample of size n and evaluate the sample equal to +4 is obtained, terminate sampling and conclude that the process is out-of-control. 6. If a negative cumulative score of less than or equal to -4 is obtained, the process is deemed as out-ofcontrol. From a mathematical point of view, the two-sided run sum X chart is based on the cumulative sum ( )
Here, i = 
and a (biased) estimator 0
where i X is the i th sample mean, i.e. 1 1 .
THE RUN LENGTH PROPERTIES OF THE RUN SUM X CHART WITH KNOWN PARAMETERS
Without loss of generality, let us assume that the in-control mean 0 μ and the standard deviation 0 σ are known. The probability p +2 displayed in Fig. 1 can be procured as follows:
where ( ) μ . The probabilities k p ± for k = {0, 1, 2, 3} can be obtained by a similar method as shown in Equation (9) .
By applying the methods shown in Champ and Rigdon [5] , the run sum X chart can be modeled as a 1, 2, 4) , the value of h is 7 and the state space Ω is denoted as Ω = {-3, -2, -1, 0, 1, 2, 3, A}, where A = {…, -5, -4, 4, 5, …} is an absorbing state. Therefore, the transition probability P has the following structure:
where Q is a (7 × 7) matrix of transient probabilities, i.e. (1, 1, …, 1), that is, the row probabilities must sum to 1. Meanwhile, k p ± with k = {0, 1, 2} is the probability as illustrated in Fig. 1 and is obtained as shown in Equation (9) .
The probability density function (p.d.f) and the cumulative distribution function (c.d.f) of the run length of the run sum X chart can be acquired by employing the same approach as demonstrated in Zhang and Castagliola [21] . Similarly, refer to [21] for the equations of the average run length (ARL) and standard deviation of the run length (SDRL) by means of the Markov chain.
THE PERFORMANCE OF THE RUN SUM X CHART WITH KNOWN VERSUS ESTIMATED PARAMETERS
To gain an insight into the effect of parameter estimation on the performance of the run sum X chart, for both cases of known and unknown parameters, the ARL and SDRL are used as the evaluation criteria. When the process is in-control, the ARL and SDRL are denoted as Table 1 , we notice that adopting estimates in place of known parameters reduces the Figure 2 provides evidence of a significantly deteriorated chart's performance as a result of parameter estimation. Indisputably, Fig. 2 confirms our previous conclusion that, as the number of samples m increases, the run length distribution of the run sum X chart with estimated parameters tends to that of the theoretical case. Clearly, at least 80 Phase I samples are needed to yield a favorable performance as expected.
In real-world applications, the suggested large sample size is economically impractical especially for a low production process. In addition, using a control chart with parameters estimated from a large Phase I sample m will give rise to another problem. It is time consuming and undetected parameter shifts may occur while collecting the necessary data. Undeniably, it is worthwhile to compute the alternative constants K dedicated to each pair of m and n. These new constants K are adjusted to meet the desired 0 ARL of 370.4 for each case shown in Table 2 . Here, Table 2 Table 2 provide practitioners with the charting parameter K for selected pairs of m and n, which are particularly useful when large samples are unavailable.
CONCLUSION
This paper clearly demonstrates that the performances of the run sum X chart with the weights (0, 1, 2, 4), in terms of the c.d.f. of the run length distribution, ARL and SDRL are seriously affected by parameter estimation. For the case with estimated parameters, a large number of samples m ( m > 80) is necessary, in order to have a chart's performance similar to the case with known parameters. Since the use of a large number of samples is infeasible in a real situation, an interesting contribution of this study is to provide the new constant K, taking m and n into account. Unequivocally, the proposed constant K alleviates the problems of the need to use a large number of samples in the estimation of parameters and the high false alarm rates incurred if a small number of samples is used to estimate the process parameters.
